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The generalized uncertainty principles (GUP) and modified dispersion relations (MDR) are much 
like two faces for one coin in research for the phenomenology of quantum gravity which apparently 
plays an important role in estimating the possible modifications of the black hole thermodynamics 
and the Friedmann equations. We first reproduce the horizon area for different types of black holes 
and investigate the quantum corrections to Bekenstein-Hawking entropy (entropy-area law). Based 
on this, we study further thermodynamical quantities and accordingly the modified Friedmann 
equation in four-dimensional de Sitter-Schwarzschild, Reissner-Nordstrom and Garfinkle-Horowitz- 
Strominger black holes. In doing this we applied various quantum gravity approaches. The MDR 
parameter relative to the GUP one is computed and the properties of the black holes are predicted. 
This should play an important role in estimating response of quantum gravity to the various metric- 
types of black holes. We found a considerable change in the thermodynamics quantities. We find that 
the modified entropy of de-Sitter-Schwarzshild and Reissner-Nordstrom black holes starts to exist at 
a finite standard entropy. The Garfinkle-Horowitz-Strominger black hole shows a different entropic 
property. The modified specific heat due to GUP and MDR approaches vanishes at large standard 
specific heat, while the corrections due to GUP result in different behaviors. The specific heat of 
modified de-Sitter-Schwarzshild and Reissner-Nordstrom black holes seems to increase, especially 
at large standard specific heat. In the early case, the black hole cannot exchange heat with the 
surrounding space. Accordingly, we would predict black hole remnants which may be considered as 
candidates for dark matter. 
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I. INTRODUCTION 

The black holes can be characterized by mass (M), electric charge (Q) and angular momentum (J) [1-3]. 
The uncharged black holes are of de-Sitter-Schwarzschild-type, while the charged ones can be characterized by 
Reissner -Nordstrom metric. There are various quantum gravity approaches designed to study the quantum 
description of some problems in presence of gravitational fields [4, 5]. We limit the discussion to the effects of 
minimal length and/or maximal momentum which are likely applicable at Planck scale which lead to modihca- 
tions in Heisenberg uncertainty principle in form of quadratic and/or linear terms of momentum. The earlier 
was predicted in different theories as string theory, black hole physics and Loop quantum gravity [6-19]. The 
latter one was introduced by Doubly Special Relativity (DSR). DSR suggests minimal uncertainty in position 
and maximum measurable momentum [4, 5, 20-23]. Furthermore, DSR gives a linear combination of the last 
two approaches and amazingly agrees well with the predications of string theory, black hole physics and Loop 
quantum gravity. Accordingly, a minimum measurable length and a maximum measurable momentum [24-26] 
are simultaneously likely. This offers a major revision of quantum phenomena [4, 5, 27-29]. These approaches 
have the genetic name. Generalized (gravitational) Uncertainty Principle (GUP). Recently, the implication of 
GUP approaches on different physical systems has been carried out [30-36]. 

When adding tiny Lorentz-violating terms to a conventional Lagrangian [37, 38], experimental tests can 
performed by setting upper bounds to the coefficients of these terms, where the velocity of light c should differ 
from the maximum attainable velocity of a material body. This small adjustment of c leads to a modification in 
the energy-momentum relation and possible Sv [37-41] so that the vacuum dispersion relation becomes sensitive 
to the type of quantum gravity effect. In additional to that, the possibility that the relation connecting energy 
and momentum in Special Relativity (SR) may be modified at Planck scale because of the threshold anomalies of 
ultra-high energy cosmic ray (UHECR). This enters the literature as Modified Dispersion Relations (MDRs) [41- 
50] and can provide new sensitive tests for SR. Successful searches would reveal a surprising connection between 
particle physics cosmology [37-40]. The modifications of energy-momentum conservations laws of interaction 
such as pionphotoproduction by inelastic collisions of cosmic-ray nucleons with the cosmic microwave background 
and higher energy photon propagating in the intergalactic medium which can suffer inelastic impacts with 
photons in the Infrared background resulting in the production of electron-positron pairs [51, 52] are examples 
about MDR. 

The finding that the black holes should follow a well-defined entropy-area law from quantum geometry 
approach shows that Sbh = A/4^p [53-56], where A is the cross-sectional area of black hole horizon and 

is the Planck length. Therefore, the connection between the geometric entropy (and indirectly all 
other thermodynamic quantities) of black hole and the Planck length (and through it the possible modihcations 
through GUP and/or MDR is apparent. The systematic study of the black hole radiation and the correction 
due to entropy/area relation gain the attention of theoretical physicists. For instance, there are nowadays many 
methods for calculating Hawking radiation [57-62]. Nevertheless, all results show that the black hole radiation 
is very close to the black body spectrum [63, 64]. This conclusion raised a very difficult question whether the 
information is conserved through the black hole evaporation process? [63, 64]. The study of thermodynamical 
properties of black holes in space-times is therefore a very relevant and original task. For instance, based on 
recent observations of supernova, the cosmological constant may be positive [63, 64]! 

In the present work, all possible interrelations shall be calculated by means of the quantum gravity approaches. 
Through the comparison of the corrected results obtained from these alternative approaches, it can be shown 
that a suitable choice of the expansion coefficients in the modified dispersion relations leads to the same results 
in GUP approach. We first introduce in section H the different quantum gravity approaches which shall be 
utilized in studying the minimal length and the modification of the energy-momentum relation in UHEGR, for 
instance,. In section HI, we compute the modified thermodynamical quantities and the modified Friedmann 
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equation in four dimensional de Sitter-Schwarzschild black hole based on GUP and MDR approaches. Section 
IV shall be devoted to four dimensional Reissner-Nordstrom black hole. The corrections to Garfinkle-Horowitz- 
Strominger black hole is elaborated in section V. A comparison between the three types of black holes is given 
in section VI. 


II. APPROACHES 
A. Energy-Area Law of Black Hole 

The entropy-area relation is related to thermodynamical properties of black holes and gained a remarkable 
attention among physicists [53-58, 62, 65, 67, 68, 70, 71]. On the other hand, this reflects an intrinsic property 
of the black holes. Nevertheless, the gravitational effect on the evolution of the Universe was neglected in 
many models [52-55, 57, 59, 65]. Over the last decades, this was assumed as a quantum geometric correction 
in the thermodynamical properties including the characteristic Hawking temperature and entropy [58]. This 
should not prevent the combination of quantum gravity with the black hole physics. It has been shown that 
the correction of quantum geometry with different types of black holes is not just according to the entropy-area 
law [53-55] but also according the differences between black hole thermodynamics and FLRW Universes due to 
different approaches describing the quantum gravity. 

For reference about the entropy-area relation in different black holes under the effects of quadratic GUP, 
the readers are advised to consult Ref. [58, 67]. This shows that the quadratic GUP and MDR effects on 
quantum geometry and on the entropy-area relation [58, 67]. In the present work, we summarize the effects 
of minimal length and higher order GUPs and MDRs relations using a rather simple technique. All possible 
thermodynamics and modifications in FLRW equation were eliminated for most major black holes such as de 
Sitter-Schwarzschild and Reissner-Nordstrom black holes and for the charged dilation black hole (Garfinklc- 
Horowitz-Strominger). Both modified and unmodified cases are compared with each other. This offers the 
possibility to reach some conclusive conclusion. 

• Firstly, the GUP which is estimated through gedanken experiments proceeds by observing photons scat¬ 
tered by the studied black hole are based on predications of the MDR relation. The correction of c at the 
range of UHEGR and gamma rays events at the Large Hadron Collider (LHC) energies could predict the 
existence of black hole remnants, which might be considered as candidates for dark matter and can be 
used to investigate the possibilities of finding black holes in LHC. 

• Secondly, we revise the physical concept of the higher order GUP in the momentum space and give the 
maximum momentum measurable at the uncertainty of minimal length, which apparently agrees with the 
predication of Double special relativity (DSR) [21] and Hilbert space [4, 5] and other results estimated 
from the different behaviors given in section (VI). 


B. GUP: Minimal Length Uncertainty 


Recently, the GUP has been the subject of much interesting works [4, 5]. It is shown that the uncertainty 
principle should be modihed at the Planck scale regime of 10^® GeV. [4-19] 

AxAp > (l-f q;^ (Ap)2), (1) 

where a = apY^l/(MpC^) = a^lplfi is a constant coefficient referring to the gravitational effects on Heisenberg 
uncertainty principle. The Heisenberg algebra of GUP [4, 5, 11-17] is given as 

[x, p] = ih {1 + a^p^) . (2) 

This can be represented in momentum space wave functions 4’{p) = (p\4'(p)) ^nd dp = ifid/dx [4, 5] . 


p ■ (j){p) = po(t>{p), 

X ■ 4>{p) = ih {l + a^p^) dp cj){p). 


( 3 ) 
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Again, this allows to have non-commutative geometry of the spacetime [4, 5], where 

[Pt,Pj] = 0, 

[xi,Xj] = —2iha^ ^l + a^p^^Z/y. (4) 

and the representation of the generators of rotations on momentum wavefimctions as 

Uj (j>{p) = - in {pi dp- - pj dp^) (j){jp). (5) 

To compute a minimum uncertainty in position, Eq. (2) and the relation (Ap)^ = (p^) — (p)^ can be utilized 
[16] 


Ax Ap > ^ (l + Q!^(Ap)^ + q;^(p)^) . 

The last expression can be rewritten as a second order equation for Ap. Then, the solutions for Ap [16] 


( 6 ) 


Ap = 



( 7 ) 


A minimum value Ax can be deduced Axmin Up)) = ha^/T + a^(p)2. Therefore, the absolutely smallest un¬ 
certainty in position, where (p) = 0, reads Axq = ha, where is compatible to /3; GUP parameter [16]. In 
natural units, c=k = n = G = l. From Eq. (1), we have 


1 , 

(A^ 


-h2 


(Ax) 


+ •••}. 


( 8 ) 


C. Higher order GUP: Minimal Length Uncertainty and Maximum Measurable Momentum 

The commutator relations [24-26], which are consistent with string theory, black holes physics and DSR leads 


to 


[Xi,pj] = ih 


Sij - a (^p6ij + + o? {p^Sij + ’ipiPj) 


( 9 ) 


implying minimal length uncertainty and maximum measurable momentum by working with the convenient 
representation of the commutation relations on momentum space wavefunctions in momentum-space [4, 5, 27]. 
The momentum p and position x operators are given as 

Xicj){p) = in{l-apo + 2a^pl)dp(l){p), 

PjHp) = PojXp), (10) 

where the minimal length uncertainty [24-26] and maximum measurable momentum [4, 5, 27], respectively, read 

« ha, 

( 11 ) 


Ax > (Ax), 

1 

Pmax 


4q: 

The maximum measurable momentum agrees with the value which was obtained in the DSR [4, 5, 20]. Then, 
in one dimension in natural units the uncertainty relation reads [24-26] 


AxAp > — (l — 2 a Ap -I- 4a^Ap^) . 

This representation of the operators product satisfies the non-commutative geometry of spacetime [27], 

[p*,Pi] = 0, 


( 12 ) 


\Xi, Xj\ = -iha [ Aa - —j 


1 - apo + 2a^p^^ ) Lij. 


(13) 










5 


The generators of rotations L^- can be expressed in terms of the position and momentum operators [27] 

LijHp) = -ih {p^dpj -Pj9p,) (l){p). (14) 

From Eq. (12) in 0{a), we have 




1 + — 
Ax 


(15) 


D. MDR: Modified Energy-Momentum Relation 


The energy-momentum tensor characterizing SR, = E'^ — m? ^ may be modified in the Planck scale regime. 
Anomalies in ultra-high cosmic rays and y-TeV events at LHC, may be explained by modification in the 
dispersion relation [41-50]. 

= 0? = f{E, m; ip) + a^fpE^ + + O (l^E^) , (16) 


where / is the function of the exact dispersion relation.The applicability of a Taylor-series expansion for E <g; 
l/£p is assumed. The coefficients may take different values in different quantum gravity approaches. Here, 
m is the rest mass of the particle and the mass parameter p on the right hand side is directly related to the 
rest energy, but p ^ m, when a^s do not vanish. Differentiation of Eq. (21) leads to 


dp 

dE 


dE 

dp 


1 - -aJlE^ + ( _ -aM tE' 


5^2 


1 - -a,i^pE^ + 


2 
5a2 


ei 


23 . 
- -:-al 


e^pE^ 


(17) 

(18) 


One can obtain the corresponding generalized relation in 0{E^) as follows. In natural units, £p can be omitted, 
then 


EAx > 1 — 


3ai £l 
2 (Aa;)2 



(19) 


III. DE SITTER-SCHWARZSCHILD BLACK HOLE 


In GR, the unique spherically symmetric vacuum solution is the Schwarzschild metric, which in spherical 
coordinates {t,r,9,(j)) [65], reads 


ds'^ 



dE + { 1 



dE +Edn^. 


( 20 ) 


Then, the horizon area A and entropy S, energy density p. Hawking radiation temperature T, and specific heat 
capacity at constant volume Cy, respectively, reads 


A = 

AttEjj = 167rM^, 

(21) 

S = 

47rM^, 

(22) 

P = 

3 

(23) 

T = 

1 1 

Atyth 8ttM ’ 

(24) 

Cy = 

12ttT. 

(25) 


The corrections to these five intensive and extensive thermodynamic quantities shall be estimated in the sections 
that follow. Accordingly, we introduce the possible modifications in Eriedmann equation. We first utilize 
quadratic GUP in section HI A. The modifications due to linear GUP shall be elaborated in section HIB. 
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A. Quadratic GUP and Black Hole Thermodynamics 

According to the metric equation of de Sitter-Schwarzschild black hole, Eq. (20), and the uncertainty of 
momentum, Eq. (8), we have 


dA = 327rM 


Aa; ’ 


dAaup = 


1 + 


(Aa;)2 (Acc)^ 


(26) 

(27) 


If we utilize the notations introduced in Ref. [66], Aa: = 2rH = yAjn. The modified horizon area and entropy 
of de Sitter-Schwarzschild black hole, respectively, read 


Aqup = A-I-a^Trln A — 2 (o^tt)^—- b 


A a^TT , . (a^7r)^ 1 


Sgup = ^ H—In A - 


A 


C. 


(28) 

(29) 


From the Bekenstein-Hawking area law s = AjA [53-56], the modified entropy of de Sitter-Schwarzschild black 
hole from quadratic GUP approach can be expressed in term in unmodified entropy s. 


Sgup = s 


r^TT TT^a^ 1 

—— In s--- 

4 8 s 


C, 


(30) 


where C is an arbitrary constant 

The black hole energy density can computed as follows [67, 68, 70]. 


87r 


p=-TT S (A) 


A 


-2 


dA. 


(31) 


The modified energy density of de Sitter-Schwarzschild black hole from quadratic GUP approach is given as 


PGUP = 


3 3Q:^7r (a^Tr) 


2A 4A2 


-b 


4A3 


C. 


By using Eq. (23), we get 


a TT 

PGUP = P + —^P' 


2 , ^3 


27 


P + • • • + G, 


where C is an arbitrary constant 

From Eq. (29) and dM = TdS, the modified (generalized) Hawking temperature is given as 


(32) 


(33) 


Tgup = 


1 


SttM 


1-b 


16M 


(1 


8M2 


-1 


= T<!1-—T-4 


(34) 


The correction of the specific heat capacity corresponding to the Hawking radiation temperature reads 


a, 


= 12nT + + 96{a^7T^Y ttT^ = C^+ J2C^ + —C; 


72 


36 


(35) 


Using the corrected entropy-area relation, one can derive the modified Friedmann equations. For an apparent 
horizon of Friedmann-Lemaitre-Robertson-Walker (FLRW) Universe, Freidmann second equation is given as 
[67, 68, 70] 


^ ~ ^ ^ -Att{p + p), 


(36) 


where S (A) = dS{A)/dA. From Eqs. (29), (30) and (33), the modified Friedmann second equation reads 




a‘ 




1-b 


a^TT (a^Tr)^ 


4s 


32s2 


= —IOtt 


Ct TT o 

P + P+—P 


2(^p3 

27 


(37) 





















7 


B. Linear GUP and Black Hole Thermodynamics 


In 0{a) the uncertainty in momentum, Eq. (15), was satisfied [24]. We distinguish the modified quantities 
by an index DSR — GUP. The horizon area can be calculated in the same way as done in previous section 


dAoSH-GUP = 


1 


1 + — 
Ax 


dA, 


Adsr-GU p = A — 4 ay/iry/A + 8 In i \ -h 2a ]. 


(38) 

(39) 


Using the Bekenstein-Hawking entropy-area law [53-56], we obtain 


Sdsr-GUP = — — 2av^Y —-I-2a^7r In —-b • • •-I-C, 
Sdsr-GUP = s — 2ay/TTy/s+ 2a^'K\a.s + ■ ■ ■ + C, 


(40) 

(41) 


where C is an arbitrary constant. 

Differentiating the entropy, Eq. (29), and using Eq. (31), then the modified energy density of the de Sitter- 
Schwarzschild black hole based the linear GUP reads 


Pdsr-gup =P ■ 




p 


G, 


(42) 


where C is an arbitrary constant 

In linear GUP approach, the characteristic Hawking temperature is given as 


Tdsr-GUP = 


1 


8ttM 


1 - 


/ON 1 

V2/ M V2/ 


a\ 2 1 


Tdsr-GUP = T {l-|-4 7rar — (47ra)^ -!-•••}. 

Based on the same GUP approach, the corresponding specific heat capacity can estimated as 


Cvdsr-GUP = 12 ttT - 48 TT^a -b 48 71^02 T^, 

„ ...2 

CvDSR-GUP 




(43) 

(44) 

(45) 

(46) 


At apparent horizon of FLRW Universe, the Friedmann second equation gets modifications due to the linear 
GUP approach 


H 


K 


1 - 




Vi 


= —IOtt 


P + P- 




■ (47) 


C. MDRs and Black Hole Thermodynamics 


If a quantum particle with energy E and size I is absorbed into a black hole and i k, Act, then minimum 
increase of area of black-hole AA = 4E Ax In 2 and 


±A 


ASrr 


In 2 




4EAx In 2 


Accordingly, we get 

1 


ASmbr = 
Smdr = 


1 - 


3ai7r 1 57r" 


2 A 
SaiTT A 


(af - 402) dA, 


(48) 


(49) 


, 57r^ ,2 , \ 4 3ai7r, 57r^ / 2 . \ 1 ^ 

In - -b — (oi - 402) J = s+ Ins -b — (tti - 402) - -b • • • -b G, ( 50 ) 















where C is an arbitrary constant. When comparing Eq. (50) with Eq. (30), the values of ai and a 2 corre¬ 
sponding to the GUP parameter a can be estimated 


ai 


02 


3 “’ 

41 

45 ' 




(51) 


This means that both parameters are compatible with each other and should have the same effect. 

Erom the Bekenstein-Hawking entropy, the modified horizon area of black hole can be computed 

Am DR = A -^ In A H-^ (o^ — 402) ( 52 ) 

From the derivation of Eqs. (50) and (31), and utilization of Eq. (23), the he energy density can be calculated 


Oil TT Q ovr / o \ Q / \ 

PMDR = p -^ P ~ ^ “ 402) p + G, ( 53 ) 

where C is an arbitrary constant. 

The modified Hawking radiation reads 

^ ■ 1§4 

Tmdr = T |l - ^ («? - 4^2) . ( 55 ) 

The geometric correction of specific heat capacity relative to the Hawking temperature is given as 

CvMDR = 127r T - 72TT^aiT^ - 540 {af - 402 ) (56) 

Cv^on = Cv- ^ (a? - 4a2) G®. (57) 


For an apparent horizon of FLRW Universe, we can obtain the Friedmann second equation based on the 
MDRs 




3ai7r 

8s 



402) H-h 


— IGtt 


0L\7T 9 kji\ / 9 ^ \ 

P-—P - ^ (ai - 4 ^ 2 ) + 


57r'^ 


• (58) 


IV. REISSNER-NORDSTROM BLACK HOLE 


For Reissner-Nordstrom black hole (static electrical charge Q), [71, 72], 


ds^ = 


1 - 


2M Q 


21 


dU - 


dr^ 






(59) 


This metric has two possible outer and inner horizons [71, 72], r = M± y/— Q'^. The event horizon shrinks 
with increasing charges but another black hole likely appears near the singularity. With increasing charges, the 
two horizons become closer and the inner event horizons get larger, while the outer horizons shrink [67]. With 
positive yj the corresponding radius is determined by the outer horizon. At M = rs/2, 


r = 




(60) 


where is Schwarzschild radius. If Q entirely vanishes, Schwarzschild black hole metric shall be obtained. 

According to Bekenstein argument, the uncertainty in energy AE is defined with respect to its position 
uncertainty AE fa 1/Aa: [69]. We suppose Ax ~ r and therefore, AE > rg [l — jr^ — Q^/cg^] ^ [53-55]. A 
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minimal increase in the apparent horizon area > SiripE R is likely, when the black hole absorbs a particle 
of energy E and size R, {AA)min > Sni'iAESx [46]. Thus, 


AA > Snip 
dS AS„ 


1 - 




-’rmn f 

dA ^ AA^,i„, ~ 4 


1 - 


Q2 Q 


41 


(61) 

(62) 


and therefore, the Reissner-Nordstrom horizon area can be expressed as function of the Schwarzschild one [67] 

(63) 


A = A, - 8^0^ - + 


where Ag is the event horizon area corresponding to the Schwarzschild radius r^. Then, the entropy reads 

12^2 . A . (^ q 2)2 1 


T, , A (^g2)2 4 

5:.--.gin- + — 




(64) 


From Eq. (31), the energy density can computed 


P = Ps - 3 (t^Q^) pI - 


and thus Hawking temperature 

T ~ 


M 


2tt 


r -91- 91 


7 m (}^ 


5 


SnPI 


2 M2 IQM^r 


With Tg = l/(87rM), the previous expression can be rewritten as 

T ~ + 32 (7rQ)2 + 1280 (Tr^Q)^ T®. 

Accordingly, the specific heat capacity is given as 


(65) 


( 66 ) 


(67) 


Cy = 12 -kT - 1927r3g2 _ - 2457607r^g®r^ = c^^-%-{cl + ^Q^cl + \ , (68) 


27 


27 


where is Schwarzschild specific heat capacity. 


A. Quadratic GUP and Black Hole Thermodynamics 


Because of Aa: ~ r, the horizon area and electric change read A = and Q r, respectively. From the 
quadratic GUP approach, the modified horizon area of charged Reissner-Nordstrom black hole can be given as 
function of the standard horizon area 


Agup 


A + a^TT In A — 2a^7r 




32(a27r)2 



A2 



By using Bekenstein-Hawking entropy, the modified entropy and energy density, respectively, read 


ex 7T 2 2 

bcup = s H -ill's” <1 TT 

PGUP 


9l 

s 




— (a^Tr)^ 


1 

8s 


3 


3a^7r 3(Q;27r) 


4A2 


1 

A2 


32g2 ^ i28g2 
3A3 A4 


91 

2s2 
8(a^7r)^ 


\ 

12s3 J 
1 

A3 


c. 


48g^ 


A4 


12 


91 

A5 


(69) 


(70) 

(71) 


where C is an arbitrary constant. 
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From the standard entropy, Eq. (23), we get the modified energy density in terms of the standard energy 
density 


PGUP = p-\ - 


a^TT 2 64(a^7r) 


512 


1024, 


(a^TT + p3 _(Q, 27 r)g 2 ^2(a27r) + Q'^) + C. (72) 


Again for charged Reissner-Nordstrom black hole, Hawking temperature can be deduced from first law of 
thermodynamics, T ds = dM, 


Tqjjp = ^ 1 1 + ^ 


\ 


+ (an) 


4 f 1 


+ 






( 73 ) 


8ttM [ ' 2-k \8-kM'^ %-k‘^M^ J ^ ' V1287r2M4 ^ 

Tgup = T{l-4(a7r)2T2-32{(a7r)2(l + 87r(a7r)2g2)y4_^ 128(a7r)27r3Q2 (l + 47r(a7r)2Q2^ T® + 51271^(0Tr)^ T®} } .(74) 

Relative to energy density, Eq. (72), the geometric correction of the specific heat capacity based on quadratic 
GUP approach reads 


= 127rr + 48(a7r)2(7rT® + + •••)+ 3072(a7r)^(7rT® + 1287rr^ + •••) + •••, (75) 

1 2 1 (ttq!^ + Q^) . 4a^Q^ (27ra^ + Q^) _ 

a^Cl +-^ Ct +- ^ cl +■■■ . (76) 


CvGUP — Cl 


36 


8l7r 


7297r2 


In FLRW Universe, the modified Friedmann second equation due to interchange of quantum entropy, Eq. 
(36), can be obtained from the derivative of Eq. (70) with respect to A; the horizon area. By using Bekenstein- 
Hawking entropy, we get 




. a^TT 2 

1 - — + (ott) 

64 


^ 4^ 

q2 ~ q3 


+ {anY 


P + P+ ^{aTrfQ^ [p® + 8 QV^] + ^(ott)^ 


27 


27 


9l 

J 

1 3 ^ 2g2^4 ^ 


= —IOtt 


(77) 


B. Linear GUP and Black Hole Thermodynamics 


In 0{a), the uncertainty of momentum, Eq. (15), implies geometric correction to the quantum thermody¬ 
namics of the charged Reissner-Nordstrom black hole 


dAoup = 


{A — A'KQ'^)dA 


A — 477(52 + 2 a-y^vCd 
Adsr-GUP = A — 4a-\A'VC4-I-4 q; 27]-In (•\/A(2a-\/^ + V^) — 47r(5^)— 


A'K^/^aia^ + 2 'kQ‘^) ^ I —^fA + 2av^ — 2\JtioP- -I- A-kQ'^ 

yj 7ra2 -(- 47rg2 ^ —'/A -|- 2ay/n + 2y^Tra^ q- 47rQ2 ^ 

For finite a and Q ^/~A, the entropy reads 


Sdsr-GUP = s - 2a\pK'/s + a^ir In (s - -kQ^) - 


{a^+2Q'^) ( -i/s -I- a^/n - ^tto^ + A'kQ'^ 

: In ' 


y^a2 _|_ 4g2 I —y/s + -f \J Tra^ -|- A'kQ'^ 


(78) 


(79) 


C(80) 


where C is an arbitrary constant. 

From Eq. (31) and the derivative of Eq. (80) with respect to the unmodified entropy, the energy density 
reads 


Pdsr-GUP = (^1 — 
P 


a" \ A\/2 ■,/, 3 a 2 ^ / 3 


za7rp®72 _|_ 


■ In 


-f 


P 


J 3 a /3 8773(54 \^ 2 p 

3 In + ^+Q: \/a^TT -|- AttQ'^^ In ^(^)^ ~ 16(av^-|- \/a^-K + AttQ'^) 

3 

2p 


2p J \ / \ 2p 

a y/iT + \/ o^t: -\- 477 ( 52 ^ In ^ (^)^ ~ 16(— ay/ir + \/ 0 ?“^ + 477 ( 52 ) 


+ 


(81) 
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where r] = Sair^a^ + + 47rQ^/4[(Q:7r)^ — (a^Tr + 47r(5^)]-\/a^ + 4Q^- 

The Hawking temperature frome linear approach of the GUP can be computed as 


TnsR-GVP = ^ 
TdSR-GUP = "2 ) ^ 


a 


a(a^ + 2Q^) 


1 - - - 

2 SM{Q^ + M{a- M)) 


{ai: + {a^ +2Q'^)) + [l^airQ'^ + 




aT — 8 TT 


^5 


(82) 

(83) 


The geometric correction of specific heat capacity because of corrected Hawking radiation temperature from 
linear GUP reads 


CvnsR-GUP = 


+ 127rr 1 - 


a 

ttQ" 


6 

't 


a/ tto^ + AirQ"^ — i/Fa 




y/ira + 


^ ISttST'! 

The geometric correction of specific heat capacity is 


- 16 + \/7ra2"+47r^^^ 


(84) 


^vdSR-GUP I 1 


ttQ" 


1^2 
— -V7rac„ — 


9^2 


3 '' " tt'^Q^Cv 


/ 622087r3 | 


7rg2 + dTrQ^ — 

1 

V cl 1 

( 12967r2 

- 

622087r3 | 

16 V+ 47r(5^ — A/i-gj j 
[yira + V 7rg2 + 

cl 1 

^ 12967r2 

16 1 

^V^g + V 7rg2 + ^ 


(85) 


The modified Friedmann second equation is given as 
K 


H - 


1 - 2 


aiT 


2 

a TT 


+ 4^Q2 ^^2 + 2Q2 _ 

Vi ' s-7rQ2 4^Q2yj +aV s 


— 2a7r- 


= —IGtt 


4 V 2 3/2 

p + p- j=aTT p ' - -^p 


3g^ 


3 V 3 


ttQ^ 


87r3(3' 


■ In 


3 


( 86 ) 


From Eq. (19), where Ax = (l - 
Reissner-Nordstrom entropy 


dSMDR = 
Smdr = 


3g3 1 5^2 j \ 

~(A^"8 


C. MDRs and Black Hole Thermodynamics 

and by using Eq. (48), the geometric correction of of charged 

1 


(Ax)^ 


dA, 


(87) 


A + -gi7r( 1 + 8 ttQ) In (A) + Stt^ (gj - 4g2) — + 


(. 


1 


ttQ 2'!tQ^\ 72gi(7r(3) 


V8H 2H2 H3 


C 


,( 88 ) 


where C is an arbitrary constant. By using the Bekenstein-Hawking entropy-area law [53-56], the modified 
entropy reads 


ttQ^ 5n‘^ 


Smdr = s + -gi7r( 1 + 8 ttQ) In (s) + -gi7r-h —— (gf - 4g2) — + 


1 nQ t:Q^ 


32s 32s2 32s3 


+ ■ 


(89) 
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Again from the Bekenstein-Hawking entropy-area law [53-56] and Eq. ( 88 ), we obtain 

72ai(7rQ)^ ,r_2/„2 \ ( ^ 27rQ^ 


iMDR = 


A + ^ai7r( 1-1-8 nQ) In (A) -|- _|_ 5,^2 ^^^2 _ ^ 


8A 2A2 


A3 


The differentiate Eq. ( 88 ) and the integration of Eq. (31) lead to 


• (90) 


H- 


K 


1 


daiTT 


1 -I- 8ttQ ^ttQ^ 


4s 


57r2 


(af - 4 q; 2 ) 


1 ^ 2TTQ Stt^Q^ 

_ j 


— IGtt 


P + P+ ^ [(1 + 247rQ)p^ - ttQV^] + “ 4a2) 


S'^ 

5 o SttQ 

2 " 




Taken into account Eq. (24), Hawking temperature is given as 


Tmdr = T 


^ 3 /(l+7rg) 3g2\ 5 / 1 

m 3- -52b'-'‘“4 


g 3g^ \ 


c, 


(91) 


(92) 


M2 M'^ J 32 ^ ^ ^ V64M4 128 A /6 10247rM8y 

Tmdr = T [l - Zaiir'^ (2(1 -f Trg) - 3847r2 g2 T^) 571^ (a? - 402 ) (2 - bU'K'^Q'^T^)] . (93) 

By using the energy density as a label of horizon area (91), the specific heat capacity leads to 

Cvmdr = ISttT -f 24ai7r3 [(1 -f 247rg)T3 - 27tt^Q^T^ - 6407r®(a^ - 4a2) (6 + Gtt^QT'^ - ... 0(T^))] , (94) 




- C-n 


• Oil 


1 + 247rg 3 ^ g^ 5\ _ 5 ^ 2 _ ^ \ f 5 Q 7 _ 9' 

72 """ 384324^“i “ 2 ) ( c„ + ...0(c„, 


(95) 


Finally, the modified Friedmann second equation reads 




1 


daiTT 


1 -I- 87rg 37rg2 


4s 




1 ^ 27rg 37r2g2 

72 4 73 72 


—1077 


P + P+ + 247rg)p2 - 7rg2p3] + - 4a2) ^p^ 


5ttQ 4 2 5 

——p - Trg 

16 


(96) 


V. GARFINKLE-HOROWITZ-STROMINGER BLACK HOLE 

The metric of Garfinkle-Horowitz-Strominger dilated black hole is 

ds^ = ^1 — 2—^ dt^ -I- ^1 — 2—^ -|- r(r — 2a) dO^, (97) 

where a = j (2M), is the asymptotic value of the dilation field, M is the mass, and Q is magnetic charge 

of the balck hole. When a is constant, the horizon area A, entropy S', energy density p, Hawking radiation 
temperature T, and Specific heat C„ respectively, reads 

A = AnrH^rH — 2a) = IdirM (M — a), 

S = TTruiTH — 2a) = 47rM (M — a) = —, 

3 _ 3 _ 3 

^ Snr H (r H — ^<i) 327rM(M — a) 2 A’ 


47 r(r /4 — 2a) 47 r( 2 M — a) ’ 

3 3 

" (rff — 2a) {2M — a) 

Again, Aa: = 2rH and a ^ rn. The quantum geometric corrections Garfinkle-Horowitz-Strominger black hole 
thermodynamics shall be estimated in following sections. 


(98) 

(99) 

( 100 ) 

( 101 ) 

( 102 ) 
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A. Quadratic GUP and Black Hole Thermodynamics 

If a —>■ 0, the horizon area of uncharged de Sitter-Schwarzschild black hole is given as 

1 8 a^TT 


Agup = A + (a^n) 


MA)+8{\I—]+8{ — 


A 


- 2(a^7ry 


A A2 


-b 


From the entropy-area relation, the quantum geometric corrections to the entropy, Eq. (99) 
Soup = s + (a^n) 




(a^Tr)^ /I 2 


+ ---+C, 


(103) 


(104) 


where C is an arbitrary constant. 

According to corrected entropy, a well definition for the corresponding quantum geometrical correction to the 
energy density relation, Eq. (100), reads 


1 o 32 


16^/^ 


PGUP = P+ (a^TT) I —a^p^ - 




(105) 


Erom Eq. (99) and the inequality a ^ rn, the Hawking temperature turns to be subject of modification 


dSgup 

dM 


= SttM + a^TT ( — — 


Tgup = 


SttM 


1 - 


2 

an 


M 2 M2 2 M3 
2 a 


(a^7r)^ 


1 


Stt VM2 2 M3 2M4 


167r \M^ 

(a^7r)2 / I a? 
~ 1287r2 \ ~ M^ 

, 2 „ 2\2 Irri 


Tgup = T [l - lOa^Tr^ (r^ - 2TraT^ - IGn'^a^T^) - 32{a^n‘^y {T'^ - GAna^T^)] . 


(106) 


(107) 

(108) 


From modihed energy density of Garfinkle-Horowitz-Strominger black hole, Eq. (105), the specihc heat 
capacity can be deduced 

= l2nT + - 3847r^a - 3847r® {a^ - 4 a^) + 2A576{a^TT^fa^TTT\ (109) 

„2 1 ^,4 


C„ 


= C, + ^G.-j-^a^aCi- ^(a>-4a")C5 + .... 


( 110 ) 


According to the quantum geometric correction to entropy and by applying Eq. (36), the modified Friedmann 
second equation reads 


frr K\ 

a^n 


1 + UIU 

V a 2 y 

2 


1 


0 ra 


TTO 

~ur 



1 no? 

■ 

+ (—) 

- — - 

-1- 

. 2 

4g2 ^3 



— IOtt 


p + p + an 


16V6 


45 


'TTO ^5/2 


64, 2 ',2 
- ») 


(a^ - 4a^) 3 2 4 

--- p^ — a np 


( 111 ) 


B. Linear GUP and Black Hole Thermodynamics 

In 0{a), the uncertainty in momentum, Eq. (15), implies quantum geometrical corrections to the black hole 
thermodynamics. The change in the area of black hole is given as 


dAnsR-GUP = 1 + 


2 a 

Ax 


dA. 


( 112 ) 


The horizon area of the charged black hole can be calculated as 


A 


Adsr-GUP = A — dav^V^ + 8 an{a -b a) In ( \ -b 2{a -b a) ]. 


(113) 
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At a th, the modified entropy from linear GUP approach is 

Sdsr-GUP = S — 2 a\fTi\fs + a7r(a + a) In s + C, (114) 

The energy density can be obtained by the differentiation of Eq. (114), the integration of Eq. (31) and taking 
into account Eq. (100), 


PDSR-GUP = p — 


4v^ t — 3/2 4 . ,9 

^^aVTrp' + -aTT{a + ajp 


G, 


(115) 


where C is an arbitrary constant. 

Because of the geometric correction of entropy, and by applying the first law of thermodynamic of black holes, 
we have 


Tdsr-gup 

Tdsr-gup 


1 A a a(a + a)\ 

SttM V ^ 4M2 J ’ 

T (1 + 4a7rr - 16a7r2(a + a)T^) . 


The calculation of the specific heat capacity is straightforward 


Cvdsr-gup = l^TTT-ASTr^TVf^a + Wir^Taia + a), 

4 cn 2 

^vosR-GUP Gt! “t“ —07r(o -\- (x)Cy —Cy. 

For FLRW Universe, the modified second Friedmann equation reads 


(116) 

(117) 


(118) 

(119) 



( 1 — ay/iT—pz + anfa + a)- ) 
\ V ■s sy 


— IGtt 



+ -aTT(a + a)p^ + G 
3^3 3 ^ 


(. 120 ) 


C. MDRs and Black Hole Thermodynamics 


The quantum geometrical correction of charged black hole, where Ax = 2rjj and rn = \ + a, and 

using Eq. (IID) can be obtained 


iMDR 


= A- 


SaiTT 


InA - 


12aQ;i7r^/^ 


Va 


+ ^ («? - 4a2) jj - 


4a^i/2 


4A A3/2 


From the entropy-area relation. 


3ai7r 

JMDR = s --— In s — 




57r^ / 2 \ f ^ 4a7r^G\ 

+ — («;-40.) 


G, 


The corrected energy density reads 

54/2 


QilTT 2 ti'Sj 2 , 0/2 c /2 StT / 2 A \ 

PMDR = P - ^P + ^ + aiTT^/AAG-^ - 4a2) 


18 21 ^ 


G, 


( 121 ) 


( 122 ) 


(123) 


Where G is an arbitrary constant. 

By applying the first law of thermodynamic for black holes T dS = dM, the modification in Hawking radiation 
temperature reads 


Tmdr = T 


1 -b GoiTT^ (1 - SaT) + IOtt^ (af - 4 a 2 ) (| - OdaAr) 


Corresponding to the energy density, the specific heat capacity is modified as 


^ /-i3 I ^ 

'^vMDR — ~ WT H-— 


24 


36 


7776 


K- 402) Qg„ 5- aG^). 


(124) 


(125) 
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Finally, the modified Friedmann equation can be deduced from Eqs. (122), (123) and (36), 

37rai 37r^/^aQ!i (af — 4a2) (af — 4a2) 


H- 


K 


1 - 


8 s 


4g3/2 


128 s 2 


32s5/2 


— IGtt 




, (126) 


VI. COMPARISON BETWEEN MODIFIED AND NON-MODIFIED THERMODYNAMICS 


“^GUP •SdSR-GUP 




Fig. 1 : Left-hand panel shows the modified entropy dne to quadratic GUP and MDR approaches in dependence on 
non-modified entropy. Right-hand panel gives the modihcation due to linear GUP approach. Dash-dotted, dotted and 
dashed curves give the results for de Sitter-Schwarzschild, Reissner-Nordstrom and Garfinkle-Horowitz-Strominger at 
a = 0.1, respectively. Solid lines are there to compare with non-modihed entropies. The solid curves represent standard 
de Sitter-Schwarzschild. 

The modified entropy due to quadratic GUP and MDR approaches is given in dependence on non-modified 
entropy in left-hand panel of Fig. 1. The modifications due to linear GUP approach is drawn in the right-hand 
panel. In all these calculations, the parameters Q, a, arbitrary constant C and a = 0.1 are hxed. While GUP 
effect seems to disappear at relative small standard entropy, we find that the modified entropies of the different 
three-types of black holes from quadratic GUP and MDR reach the standard one obtained at large values of 
standard entropies. In other words, we can consider that the matter of each type of black holes loses its entropy 
over time. Apparently, this represents the second law of thermodynamics of the black holes. With the time, 
the black holes radiate causing a decrease in both mass and area of the horizon. 

The solid curved represent the standard de Sitter-Schwarzschild black hole, the solid lines are illustrated to 
compare with the non-modified entropy. The dash-dotted, dotted and dashed curves are the results from mod¬ 
ified de Sitter-Schwarzschild, Reissner-Nordstrom and Garfinkle-Horowitz-Strominger black holes, respectively. 
It is obvious that the modihed entropies start below the reference line. Increasing standard entropy brings the 
modified entropies very close to the standard ones. It is worthwhile to notice here that the modihed entropy of 
Garhnkle-Horowitz-Strominger black hole starts with positive value where the other two types do not exist. In 
the right panel, the modihed entropies of the three metric-types start to exist at hnite standard entropy. 

In Fig. 2, the modihed energy densities of the three types of black holes are given in dependence on standard 
one. We notice that the modihed energy densities are the same as the standard one, especially at low energy 
densities. From the hrst law of of thermodynamics of the black hole, the change of energy (proportional to 
mass) is related to change of the area, angular momentum and electric charge. The angular momentum and 
electric charge represent the change in energy due to rotation and electromagnetism properties of black holes, 
which apparently play an essential role in the stationary black holes to be compatible with the standard energy 
density at large values. In right panel, it is obvious that the effect of gravitational hied is able to overcome the 
electromagnetism properties of Reissner-Nordstrom black hole delayed than its standard value. It is obvious that 
the modihed energy densities has the same value of the non-modihed one at very low values. Increasing energy 
density separates modihed entropies away from the standard value. The energy density of modihed Garhnkle- 
Horowitz-Strominger black hole exceeds the standard value, while that of modihed de Sitter-Schwarzschild and 





















16 




Fig. 2 : The same as in Fig. 1 but for energy density. 


Reissner-Nordstrom black holes remain below. In left-hand panel, this behaviour appears much faster than in 
the right-hand panel. As difference between the two approaches, we find that the modified energy density of 
Reissner-Nordstrom black holes due to linear GUP and MDR remains finite (smaller than the standard line). 
It disappears in the other approach. Almost the same is found for Garfinkle-Horowitz-Strominger black hole. 
The energy density of modified de Sitter-Schwarzschild remains finite in both approaches. 


^GUP 



Fig. 3 ; The same as in Fig. 


rDSR-GUP 



1 but for Hawking temperature. 


In Fig. (3), Hawking temperature of modified black holes is given in dependence on the non-modified one. 
We find that the modified Hawking temperatures of the different types of black holes are the same as the 
standard one, especially at low values of the standard Hawking temperature. It is worthwhile to notice that 
Hawking radiation might have been existed in the primordial stage of Universe. At very high standard Hawking 
temperature (small-mass black holes), the modified temperature drops at different values which means that the 
Hawking radiation seems not to play any important role in the case of large-sized black holes. In left-hand 
panel, Hawking temperature of Reissner-Nordstrom black hole leaves the standard value earlier than the other 
two types of black holes. Next to it is Garfinkle-Horowitz-Strominger black hole. In the right-hand panel, 
Reissner-Nordstrom and Garfinkle-Horowitz-Strominger are close to each other (dash-dotted curve moves to 
smaller values). The Hawking temperature of modified de Sitter-Schwarzschild black hole becomes larger than 
the standard value. 

In Fig. (4), the modified specific heat is given in dependence on the standard one. The right-hand panel 
refers to the effect of linear GUP effect. In left-hand panel, we find that the modified specific heat of Garfinkle- 
Horowitz-Strominger black hole drops (energies) at small value of standard specific heat, while that of the 
other types exceed the standard value. Furthermore, standard de-Sitter-Schwarzshild black hole goes below the 
unmodified specific heat. Both modified de-Sitter-Schwarzshild and Reissner-Nordstrom black holes increase. 
In right-hand panel, we find that the specific heat of all types of modified black holes and even standard 
de-Sitter-Schwarzshild black hole rapidly decrease with increasing standard specific heat. 
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Fig. 4: The same as in Fig. 1 but for specific heat. 


VII. CONCLUSION 

We used various approaches for GUP and MDR in order to resolve the quantum geometrical corrections to 
the thermodynamical quantities of balck holes and the modified FLRW Universe according to correction to 
Bekenstein-Hawking entropy in four-dimensional black holes. For MDR, the sign of correction terms in both 
uncharged black holes and the charged one seems to depend on the quantum gravitational parameters 
which is related to the particular model of the quantum gravity. There are considerable differences between 
the corrections due to GUP and MDR. For instance, the modified specific heat due to GUP and MDR vanishes 
at large standard specific heat. The correction due to GUP result has different behaviors. The specific heat 
of modified de-Sitter-Schwarzshild and Reissner-Nordstrom black holes seems to increase at large values of the 
standard specific heat. In the earlier case, the black hole cannot exchange heat with the surrounding space. 
Thus, we predict existence of black hole remnants which may be considered as candidates for dark matter. 
In light of this, it would be appropriate to generalize the calculations in extra dimensions and investigate the 
possibilities of finding black holes in Large Hadron Gollider and Ultra-High Energy Cosmic Rays, for instance. 

The modification in the black hole entropy shed light on the differences between the consequences of the quan¬ 
tum gravity and that of the dispersion relation. In GUP and MDR approaches, the modified entropy of different 
black holes starts to exist at finite standard entropy, while in GUP approach, this is valid for modified de-Sitter- 
Schwarzshild and Reissner-Nordstrom black holes. The modified entropy of Garfinkle-Horowitz-Strominger 
black hole starts from a finite value. Then, it decreases with increasing standard entropy. There exists a 
minimum value. Further increase in the standard entropy slowly brings the modified entropy to the reference 
line. 

For the differences between the two approaches, we find that the modified energy density of Reissner- 
Nordstrom black hole due to the linear GUP and MDR remains finite (smaller than the standard line). It 
disappears in MDR approach. Almost the same is valued for Garfinkle-Horowitz-Strominger black hole. In 
both approaches, the energy density of modified de Sitter-Schwarzschild remains finite. 

The modified Hawking temperatures of different types of black holes are the same as the standard one, 
especially at low values of the Hawking temperature. In the quadratic GUP approach, the modified temperature 
drops at different values meaning that the Hawking radiation plays no important role in the case of large-sized 
black holes. Hawking temperature of Reissner-Nordstrom black hole leaves the standard value earlier than the 
other two types. Next to it is Garfinkle-Horowitz-Strominger black hole. In linear GUP and MDR approaches, 
Reissner-Nordstrom and Garfinkle-Horowitz-Strominger are close to each other (dash-dotted curve moves to 
smaller values). The Hawking temperature of modified de Sitter-Schwarzschild black hole becomes larger than 
the standard value. 

A systematic investigation for the consequences of the three GUP and MDR approaches on the three metric 
types from various equations of states is planned in near future. We want to study the impacts of the different 
corrections on the evolution of cosmological parameters, such as scale factor, etc. In doing this, we might 
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introduce possible modifications in Raychaudhuri equations, as well. 
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